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1. Introduction 

In the literature the sub-Riemannian analogue of Riemannian Laplacians is Hormander 
sum of squares of vector fields, see [HI El El [331 EZl [151 Ell [32 [131 ESI references 
therein. Let M be a smooth manifold of dimension m endowed with a smooth distribu- 
tion (horizontal bundle) S of dimension k with k < m. If we a prior equip S with an 
inner product Qc (sub-Riemannian metric), we call (M, S,(7c) a sub-Riemannian manifold 
with the sub-Riemannian structure (S,5(c). If S is integrable, it is just the Riemannian 
geometry. We will assume S is not integrable. A piecewise smooth curve 7(t),t G [a, fe] 
in M is horizontal if 7(t) G a.e. t G [a, 6]. The length ^(7) of the horizontal curve 

^{t),t G [a,b] is the integral J^^ gc{'j{t),'j{t))dt. Denote by Sj the set of all vector fields 
spanned by all commutators of order < z of vector fields in S and let Sj(p) be the subspace 
of evaluations at p of all vector fields in Sj. We call S satisfies the Chow or Hormander 
condition if for any p G M, there exists an integer r[p) such that Sr(p)(p) = TpM (the 
least such r is called the degree of E at p). If moreover is of constant dimension for 
all i < r, E and also (M, E, (^c) are called regular. If M is connected and E satisfies the 
Hormander condition, the Chow connectivity theorem asserts that there exists at least one 
piecewise smooth horizontal curve connecting two given points (see [ni[Il[2I]), and thus 
(E, Qc) yields a metric (called Carnot-Caratheodory distance) dec by letting dcdp, q) as the 
infimum among the lengths of all horizontal curves joining p to q. Let {Xi, • ■ ■ , X^} be an 
orthonormal basis of E. The Hormander operator is □ = Yli=i -^f + ^0 where Xq G r(E) 
is a horizontal vector field. It is easy to see that the operator □ in general depends on 
the choice of orthonormal bases. Thus □ is not intrinsic to the sub-Riemannian structure 
(II, Qc). Recall that the Riemannian Laplacian on a Riemannian manifold is a Riemann- 
ian invariant. Montgomery in [2T1 p. 142] proposed the question whether there exists a 
canonical sublaplacian in the sub-Riemannian case. As observed by [21], this question is 
equivalent to the existence of a canonical measure /i: the canonical sublaplacian A and /i 
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should satisfy 

- / {Af)gd^l= [ g,{y^f,V^g)d^^ 
Jai Jm 

for any smooth functions /, g with compact support, where V^/ is the horizontal gradient 
of /: gc(V^f,X) = Xf for any horizontal vector field X G r(S). 

The importance of the study of sublaplacians on sub-Riemannian manifolds lies in the 
conjectured close relationship between spectral asymptotics of sublaplacians and sub- 
Riemannian geodesies (in particular singular curves), see [211 122] ^ind references therein. 
This note is devoted to a rudimental study of sublaplacians. We will give a notion of 
sublaplacians for general sub-Riemannian manifolds, or the sublaplacian for fat sub- 
Riemannian manifolds. We recall that a sub-Riemannian manifold (M, T,,gc) is fat if S 
is strong-bracket generating, that is, for each p & M and each nonzero horizontal vector 
V E T,p we have 

where V is any horizontal extension of v. This notion is defined using the truncated 
connection (called horizontal connection). Given a complement E' of E: TM = E ^ E', 
then with respect to this decomposition there exists a unique horizontal connection D on 
E such that for any X,Y,Z eT{M) 

(1) Xg,{Y, Z) = g,{DxY, Z) + g,{Y, DxZ) 

(2) DxY -DyX=[X,Y]^, 

where [X, F]^ denotes the projection on E of [X, F], see [221 [13] for details. We define 

:= div^ o 

where the horizontal divergence operator is defined as div^X := ^^^^-^gc{DxiX^ Xi) for 
X G r(E) and an orthonormal basis {Xi}^^-^. The operator depends only on (E,(7c) 
and the decomposition. In many cases such as nilpotent groups, contact manifolds, prin- 
cipal bundles with connections, and Riemannian submersions, there exists a 'natural' 
decomposition of TM. In particular when the sub-Riemannian metric gc is the projection 
on E of a Riemannian metric g, TM can be orthogonally decomposed as TM = E ^ E'. 
Conversely, given a decomposition, we always can extend g^ to a Riemannian metric g 
such that the decomposition is orthogonal. Note that such extensions are not unique. Let 
g be any such extension. Then for any X, F G r(E) 

DxY = V{VxY) 

where V is the Riemannian connection of g and V denotes the projection on E, see |29j . 

As stated above the defined depends on the splitting of the tangent bundle. This 
makes the problem delicate. We remark that for some cases such as nilpotent groups with 
grading Lie algebra and contact Riemannian manifolds, there is a canonical notion of the 
sublaplacian. Recall that the sub-Riemannian geometry of {M,'E,gc), i.e., the geometry 
of (M, dec), depends only on the sub-Riemannian structure (E, gc), not on complements of 
E or extensions of gc- Our motivation to study sublaplacians or weakly convex function 
on sub-Riemannian manifolds is to extract information about sub-Riemannian geometry 
as much as possible by exploring functions or invariants defined intrinsicly. What should 
a canonical complement of E, and then a canonical orthogonal extension of gc be? For 
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instance, in our opinion it is desirable (under some conditions imposed on S and topology 
of M) to find a complement of (regular) S and then to select an extension g of gc such 
that the Riemannian measure of g is just the Hausdorff Q— measure of dec, where Q = 
Y7i=i ^(dini(Sj) — dim(Sj„i))(So = 0, Si = S) is the Hausdorff dimension of (M, dec)- The 
following statement is our starting point. 

Theorem 1.1. Let {M,Il,gc) be a suh-Riemannian manifold. Then there exists a com- 
plement S' o/ S, TM = S ^ S', such that for this decomposition there is an orthogonal 
extension g of gc and an orthonormal basis {T[, ■ ■ ■ , T^_j.} of S' satisfying 

P(Vt^T^) = 0, (3=l,---,m-k (1.1) 

where V is the Riemannian connection of g. Moreover, if for any local frame ofTM, 
{Xi, ■ ■ ■ ,Xk, Ti, - ■ ■ , Tm.-k}, where {Xi, ■ ■ ■ , Xj.} is a basis of r(S), the matrix [C^j] is 
invertible for (3 = I,-- - ,m — k, where C^^ are the coefficients satisfying 

k m—k 

[X„ X,] = ^ C^.X, + J2 C^Fp^ (1.2) 

a=l 13=1 

then such complement is unique. 

In general, the condition in Theorem 11.11 guaranteeing the uniqueness of the complement 
is very strong. For most cases it is impossible. In fact this condition is just the strong- 
bracket generating condition for S, see Proposition 12.11 We recall that contact structures 
of contact manifolds are fat. 

The following theorem motivates our definition of sublaplacians, see Definition 12.61 

Theorem 1.2. Let (M, S, g^) be a sub-Riemannian manifold. Assumme TM = S ^ S' 6e 
a splitting and g an orthogonal extension of gc. Denote by dvol the Riemannian measure 
of g and by B.^ the mean curvature ofH'. Let u be a positive, smooth function on M. Set 
dfi = udvol. Then 

- [ (A^e)/rf/i= / f7,(V«e,V^/)d/i 
Jm Jm 

holds for any e, / G C(f (M) if and only iflnu is the horizontal potential ofB.^, i.e., 

V^(lnn) = H^. (1.3) 
Here the mean curvature H-*- of S' is defined as 

m—k m—k k 

:= ^ p (Vt,T^) = Y.Y.3 {"^T.Tp, X,) X,, 

P=l (3=1 1=1 

where {Xj}*Li, {T^}™J"/^ are orthonormal bases of S, S' respectively. We note that for 
given S' and g, equation fll.3p is not soluble in general. But by Theorem II. 1^ we always 
can choose an orthogonal extension of gc such that (11.31) is soluble for H"*" = 0, if (M, E, gc) 
satisfies the assumption in Theorem 11.11 

The paper is organized as follows. In the next section after proving Theorem 11.11 11.21 
we give the definition of sublaplacians. Several canonical examples are given. It turns 
out that our definition is compatible with the canonical sublaplcians in the literature. At 
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the end of Section [21 a Hopf type theorem is proven for closed sub-Riemannian manifolds. 
The last section is devoted to the closed eigenvalue problem on compact sub-Riemannian 
manifolds. 



2. Proofs, examples, and basic properties of sublaplacians 

Proof of Theorem Let {Xi, ■ ■ ■ , X^, Ti, ■ ■ ■ , Tm._k} be any local frame of TM, 
where {Xi, - ■ ■ , X^} is an orthonormal basis of r(S). Extend gc to a Riemannian metric 
g such that {Tp}^~^ is orthonormal. Denote by V the Riemannian connection of g. Then 
for /3 = 1, ■ ■ ■ ,m — k, 

k 

1=1 

Let S' be any complement of S and {Tp}^'^ be a local basis of S'. Then 

k m.— k 

i=l a=l 

for smooth functions and Bp. Since {Tp}^'^ is a basis of S', the matrix [i?^] is 
invertible. Denote by [K^] the inverse matrix of [-B^]. Setting 

a=l 

m—k k m—km—k 

= E E ^1^^^^ + E E ^i^-^-r, 

a=l 1=1 o=l 7=1 

i.e., 

k m—k 

T^ = 5^4X, + T^, where ^ = ^ K^A^, 

i=l a=l 

then {T^}™J"/^ is also a basis of S'. Now extend gc to a Riemannian metric g such that 
{T{, ■ ■ ■ , T^_fc} is orthonormal with respect to g. Noting that 

k 

i=i 
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we have for (3 = 1, - ■ ■ ,m — k 

k 



1=1 
k 



i=i V j=i / 

k / m-fe r k \ \ 

E W E 1 E ^^*^?([^- ^^i' + ^/^]' [ ^« 

i=l \ a=l Lj=l J / 



i=\ \i=l / 
Thus Vi^T'T'ii) = if and only if 

k 

J]A^^^([X„X,],r^) = (2.1) 

J=l 

for any i = I,-- - ,k. The first part is from elementary knowledge of linear algebra. 
Since Q^- = g{[Xi, Xj], T^), the uniqueness follows from fl2.1l) and the assumption that the 
matrix [C^j] is invertible for any (3. □ 

Proposition 2.1. Let H he a distribution of M. Then S is strong-bracket generating if 
and only if for any local frame ofTM, {Xi, ■ ■ ■ , X^, Ti, ■ ■ ■ , Tm-k}, where {Xi, ■ ■ ■ , Xk} 
is a basis of r(E), the matrix [C^j] is invertible for /3 = 1, ■ ■ ■ ,m — k, where C^j are the 
coefficients satisfying (11.21) . 

Proof. Denote by S-*- be the set of all sections in T*M annihilating S. By the Cartan 
formula 

dooiX, Y) = X{X{Y)) - Y{X{X)) - X{[X, Y]), 

it is easy to verify that S is strong-bracket generating if and only if du : r(S) x r(S) M 
is nondegenerate for any uj G S"*-, see e.g. fIT\ p. 70]. Now assume S be strong-bracket 
generating. For a given frame {Xi, ■ ■ ■ , X^, Ti, ■ ■ ■ , T^-k} of TM, for /3 = 1, ■ ■ ■ , m — A; 
we choose G S-*- such that u'^iTa) = S^. Then the nondegeneracy of implies the 
matrix [Cg-] = -[X^{[Xi, Xj])] is invertible. 

Conversely if 7^ G S"*-, then we can choose a frame {Xi, ■ ■ ■ ,Xk, Ti, ■ ■ ■ ,Tm-k} 
such that {Xi, ■ ■ ■ ,Xk} is a basis of r(E), oj{Ti) = 1 and ujiTp) = for /3 7^ 1. The 
nondegeneracy of [Clj] implies the nondegeneracy of u on r(S). □ 

If we write out A'^ in terms of horizontal vector fields, we see that is a Hormander 
operator. In fact, we have 

Lemma 2.2. Let {XJ^^^ be any orthonormal basis o/S. Then A^ = '^■^-^^{Xf — DxiXi). 

Thus by |[I7j A^ is hypoelliptic if M is connected and S satisfies the Hormander 
condition. We will use the following technical lemma. 
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Lemma 2.3. Let M, S, S', g, be as in Theorem M.^ For e > 0, let g^ he the Riemannian 
metric g'^ = gc^^^g' where g' := g\-£r. Denote by the Riemannian Laplacian of g'^ . 



Then 



lim -A^ = -A^ + 

e— >+oo 



Proof. Denote by the Riemannian connection of g"^. Assume {Xi,--- ,Xfc,Ti,--- , 
Tm-k] an orthonormal basis with respect of g. Then {Xi, ■ ■ ■ , Xk, \Ti^ ■ ■ ■ , ^Tm-fc} is 
an orthonormal basis with respect to g^. For any smooth function /, by definition and 
Lemma [2.21 we get 



i=l 13=1 

k ^ m—k 

= A^/ + ^ B{X,,X,)f + [t} - V^^T^) /, 



where 



i=l 0=1 



m—k / 1 \ 1 1 

Bix,,x,) = Y,g' (v3^,x„-T^) -Tp = -Y^g^(x,, [r^,x,]^)T^ 



(3=1 ^ ' /3=1 



and 



K m—k / 1 \ 1 

g\V^T,Tp^ X,)X, + E ^T,7>, I -Ts 

i=l s=l ^ ^ 

fc _ m—k 

i=l s=l 
m—k 



□ 



Remark 2.4. (1), Some authors called A^ := A^-H^ sublaplacian, [ni[l3]. If ^ 0, 
A^ explicitly depends on g' . (2), the penalty metric g"^ is very useful in sub- Riemannian 
geometry. The reason is that when S satisfies the Hormander condition and M is con- 
nected, (M, d^) [d^ is the Riemannian distance corresponding to g^) converges to (M, dec) 
in the sense of Hausdorff-Gromov, e.g. [201 [IH 1^ - 

Proof of Theorem \1.2\ Let as in Lemma [2.31 Denote by (i(vol)'^ the Riemannian 
volume element of g"^. It is easy to show that 

d{Yo\y = e'^-'^dvol (2.2) 
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Let e, / be any smooth (or Sobolev) functions with compact support. We abuse the 
notation to denote by V^/ the Riemannian gradient of / with respect to g'^. Noting that 

^ m—k 
^ /3=1 

and hence 

m—k 



^ /9=1 

from (12. 2p and the Green formula 

/ (-A^e)Mvol)^ = f g\V^e,V^f)d{Yo\r 

J M J M 

we derive 

/ (-A^e)/dvol= / L,(V«e,V^/) + 4E(V)W)MvoL (2.3) 

JM J M y f J 



/3= 

Taking the hmit e ^ +oo in (12. 3p . we by Lemma [2.31 induce 



(2.4) 



I ((-A^ + H^)e)/rfvol= / ^,(V^e,V^/)(ivoL 

JM JM 

Putting / = uf{f e C^) in ([23D, we get 

- f A^e/urfvol+ j (H^e)/ucivol = f ^,(V^e, V^/)u(ivol + /" ^^(V^e, V^u)/(ivoL 

J M JM JM 

- [ (A«e)/>= / (7e(V^e,V^/)rf/i, (2.5) 

JM 



Thus 



holds if and only if 



(H^e)/ncivol = / gc{V^e,V^u)fdvo\. 

M JM 



By the arbitrariness of / in the last equation, we deduce that (12.51) holds for any /, / G 
C^{M) if and only 

(H^e)w = ^e(V^e,V^u) 

for any e G C^(M), that is, 

H^e = c/,(V^e, V^(lnM)). 

Since H-*- is a horizontal vector field and hence H-'-e = 5'c(V^e, H-*-), Theorem 11.21 follows . 

□ 

Corollary 2.5. Let {M,T,,gc) be a suh-Riemannian manifold. Then there exists a com- 
plement S' of S such that we can extend g^ to some Riemannian metric g and A^ is a 
symmetric operator on C^{M): for any e, / G C^{M) 

i-A^e)fdvo\= I ^c(V^e, V^/)(ivol = f e(-A^/)rfvol 

M J M JM 
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where dvo\ is the Riemannian measure of g. 

Definition 2.6. Let (M, E,(yfc) be a sub-Riemannian manifold. Fix a complement of E 
such that (11. ip holds for some extension g of gc and for some orthonormal basis of g. We 
define (with respect to the splitting TM = S S') as a sublaplacian of (M, S, gc). 
When such complement is unique (see Theorem II. ip . we call the sublaplacian of 

(M,S,ge). 

One of the reasons we define A^ (not A^) as a (the) sublaplacian is that A^ is com- 
patible with several notions such as the horizontal Hessian and weakly convex functions 
on sub-Riemannian manifolds, see |28]. As already pointed out in the introduction, the 
laplacian in Definition 12.61 is defined for few cases. Theorem 11.11 and Proposition 12.11 
tell us that the sublaplacian is well defined for fat sub-Riemannian manifolds. This make 
the case more interesting because fat sub-Riemannian manifolds are proven to admit no 
singular sub-Riemannian geodesies. 

Example 2.7 (Carnot groups, [HI [23]). A Carnot group (or a stratified group) G is 
a connected, simply connected Lie group whose Lie algebra Q admits the grading Q = 
^1 ■ ■ ■ ^^^^ Vi\ = Vi+i, for any 1 < i < I - 1 and [Vi, Vi] = (the integer I 
is called the step of G). Let {ei,--- ,6^} he a basis of Q with m = XlLi dini(Vi). Let 
Xi{x) = {Lx)*ei for i = I,-- - ,k := dim(yi) where (L^)* is the differential of the left 
translation L^^x') = xx' and let Ta{x) = (i^a;)*ei+fc for a = 1, ■ ■ ■ ,m — k. We call the 
system of left-invariant vector fields S := Vi = span{Xi, ■ ■ ■ ,Xk} the horizontal bundle 
of G. If we equip S an inner product gc such that {Xi, ■ ■ ■ , X^} is an orthonormal basis 
ofE, {G,'E,gc) is a sub-Riemannian manifold satisfying the Hormander condition which 
is guaranteed by the grading of its Lie algebra. The role played by Carnot groups in sub- 
Riemannian geometry is similar that by Euclidean spaces in Riemannian geometry, |20] . 
Thus sub-Riemannian manifolds are also called Carnot manifolds. Fix a Carnot group 
G. Because of the grading condition of its Lie algebra, by choosing the natural splitting 
of TG and a system of left-invariant vector fields {Xi, ■ ■ ■ , Xk} as an orthonormal basis, 
we easily deduce that the horizontal connection D has the following simple form 

k k 

DxY = Y,X{Y')X,, for any X, F = ^ ^X, G r(S) 

1=1 i=l 

and hence 



k 

-2 

=1 



A^ coincides with the sublaplacian of Carnot groups studied in the literature, see [^[T^ l^ 
and references therein. It is clear that A^ is a symmetric operator on C^{G) L'^{G, g), 
where g is an extension of gc such that {Xi, ■ ■ ■ ,Xk,Ti, ■ ■ ■ ,Tm-k} is orthonormal. 

Example 2.8 (contact Riemannian manifolds. |34l [3] ) . Let M be a real 2n+l-dimensional 
smooth manifold. An almost contact Riemannian structure {ip, ^, r], g) on M consists of a 
(1, 1)- tensor field ip, a vector field ^, a 1-form rj, and a Riemannian metric g such that 

^^ = -I + r]®^, ^ o = 0, (^^ = 0, g{ipX, ^Y) = g{X, Y) - v{X)r]{Y), 
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for any X,Y & r(M). It is a contact Riemannian structure if it satisfies Q = drj (the 
contact condition) where Q{X,Y) = g{X,ipY). Set S = ker(?7). Then (M, S,5f|s) is a 
sub- Riemannian structure and S has a natural complement. Let V be the Levi-Civita 
connection of g. Then the horizontal connection D is 

DxY = VxY - vi^xY)^, X,Ye r(S). 

Note that the Levi form 

L,(X, Y) = -dr]{X, ipY) = 7^{[X, ^Y]) X,Y e r(S) 

is nondegenerate. This in particular implies that S satisfies the Hormander condition. 
The (generalized) Tanaka-Webster connection (\iO\) on {M, ip, ^,rj, g) is 

V\Y = VxY + v{X)^{Y) - v{Y)Vx^ + [{Vxv)Y]^. 

Denote by T> the complexification ofTi, i.e., V = V'Q'D where V = {X — iipX, X E r(S)} 
and T> is the conjugate ofV. Set h := \C^ip. Then the pair (M, V) is a (strongly pseudo- 
convex) CR manifold, (i.e., [D',V] C V and the Levi form is positive definite), if and 
only if the contact Riemannian manifold (M, 9?, ^, r], g) satisfies 

{VxV^)Y = g{X + hX, r)e - viYKX + hX). 

Let (M, P) be a strongly pseudo-convex CR manifold. Denote by D* the restriction on S 
of the V*, and extend D* to the complexified bundle T). Note that D* is just the Webster 
connection, pi]. Since for X,Y e r(S), r]{X) = r]{Y) = 0, (yxv)Y = X{7]{Y)) - 
rjCVxY), we have D* = D. Here D is also extended to T). Let {Xa}^^i be an orthonormal 
complex basis (with respect to the extended metric g) of V . Then {Xa = 'f{Xa)}a^i is 
an orthonormal complex basis of T) . For a smooth function f on M , the sublaplacian 
studied by [161 [IH] 

n 

^f ^ ^ faa ~l~ faa 



a=l 



where 



fa — ^af, fa — ^af, fafi — ^fifa " ^ ^Ipf"/' fafi — ^fsfa — ^ ^ififl 

7=1 7=1 

andTl^ = giD*^^Xp,X,), Tl^ =j{D\^Xp,X-). SetY^ = ^^{X^ + X^),Y ^ = ^^{X^ - 

Xa) . Then {"Ki, ■ ■ ■ , y„, Fi, ■ ■ ■ , Yn} is an orthonormal basis ofL. Now by direct compu- 
tation we get from Lemma W^ 



a) = A^, 



a=l 



since D* = D. Thus for strongly pseudo-convex pseudo-Hermitian manifolds our defini- 
tion for sublaplacians coincides with the canonical one. Because V^^ = and the Levi 
form L^ is nondegenerate, by Corollary \2.5\ is a symmetric operator on C^{M) 
LHG,g). 
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Example 2.9 (Riemannian submersions with minimal fibres, [12]). Let {M,g) and {B,g' 
be smooth Riemannian manifolds. A smooth map n : M ^ B is a submersion if tt* : 
TqM — > T^(^)i? is a surjective linear map for each q & M. The vertical space at q is the 
tangent space of the fibre 7i~^{7i{q)): Vg = ker(7r^,). The collection of vertical spaces is the 
vertical distribution V C TM. Let S be the orthogonal complement of V . M with the 
structure {T,,gc = is a sub- Riemannian manifold. If'K^, : Sg — s> is linear isometry 
for any q G M, tt is called a Riemannian submersion. The Riemannian submersion n 
is a harmonic map between (M , g) and {B, g') if and only if each fibre of re is a minimal 
surface, e.g. [12]. If n is a Riemannian submersion with minimal fibres, by Theorem \l.S\ 
we can define a sublaplacian on (M, E, gc) such that is a symmetric operator on 
C^{M)^L\M,g). 

The above examples show that our notion of sublaplacians covers the canonical ones in 
the literature. 

Lemma 2.10 (divergence theorem). Let (M, T,,gc) be a sub-Riemannian manifold. Let g 
be the orthogonal extension of gc as in Theorem \l.l\ Then for any horizontal vector field 

X e r(s) 

div^X = divX (2.6) 

where div is the Riemannian divergence of g. Thus if M is moreover compact with bound- 
ary (possibly empty), we have for any horizontal vector field X 

I div^Xrfvol= / g{X,u)ds (2.7) 

Jm JdM 

where dvo\ is the Riemannian measure of g, u is the normal vector field of the boundary 
dM, and ds is the area measure on dM induced by g. 

Proof. Choose {Xi, ■ ■ ■ , X^, T[, ■ ■ ■ , T^.^} as an orthonormal basis of g, such that f 1 1.1 1) 
holds. Since the (horizontal) divergence is independent of the choice of orthonormal bases, 

k m.— k 

divx = giyx.x, X,) + giyr^x, T'^) 

i=l a=l 
k m—k 

i=l a=l 

= div^ 

where we used (11. ip and the assumption that X is horizontal. (12. 7p is from (12. 6p and the 
classical divergence theorem. □ 

Theorem 2.11. Let A^ be a (the) sublaplacian of (M,!!, g^) in the sense of Definition 
\2.(A If S satisfies the Hormander condition and M is a closed, connected manifold, then 
any horizontal-harmonic function u , i.e. u satisfies 

A^u = 0, 

is constant. 
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Proof. Note that 

A^M^ ^ 2div^(nV^n) = 2g^{V^u, V^w) + 2nA^n (2.8) 

If u is horizontal-harmonic, by fl2.6l) and fl2.8p we get 

div(tiV^w) = gd'^'^u, V^u) 

where div is the Riemannian divergence of some extension g of gc as in Theorem ll.li 
Integrating the last formula, by the green formula in the Riemannian case we induce 

/ £/c(V^n, V^n)dvol = 
Jm 

since by assumption M is closed. Thus V^w = 0, that is, u is constant along horizontal 
curves. The statement follows because S satisfies the Hormander condition and M is 
connected, by the Chow theorem [6] any two points can be connected by a piecewisely 
smooth horizontal curve. □ 



3. Eigenvalues of sublaplacians of compact sub-Riemannian manifolds 

In this section we always assume (M, S, gc) is a compact and regular sub-Riemannian 
manifold with smooth (possibly empty) boundary. Let be a (the) sublaplacian of 
(M, Sj^fc) in the sense of Definition 12.61 and g be an orthogonal extension of gc with 
respect to the given decomposition as in Definition 12. 6[ The goal of this section is to 
study the eigenvalue problem of A^. First we give the definition of horizontal Sobolev 
functions on (M, T,,gc). 

Definition 3.1. A function / in L?{M) is called a horizontal Sobolev function if there 
exists a horizontal vector filed Y belonging to L^{M) such that the following 

/ gc(Y,X)dvo\ = - I /div^Xc/vol 
Jm Jm 

holds for any horizontal vector field X with compact support on M. Y denoted by V^/ 
is called the weakly horizontal derivative of /. The set of all horizontal Sobolev functions 
is denoted by W^'^{M). 

Here we call a horizontal vector field is in LF'{M) if its coefficients are in LF'{M). From 
(12. 7p the above definition is well-defined. We denote by H^'"^ [M)[Hq''^ [M)) the completed 
space of C'^{M){C^{M)) functions with respect to the norm 

WfWm-^iM) = (^Jjf\' + 9c{V^f,V^f)dvo\ 

Lemma 3.2. 

(1) ,H''\M) = W^^^M); 

(2) , the embedding ly^'^(M) ^ L'^{M) is compact; 

(3) , If f e W^''^{M) and A^/ = A/ for some A G M, then f must be smooth. 
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Proof. Since M is compact, by choosing a smooth partition of unity subordinate to a 
finite cover of M, the first two statements are reduced to a local chart case. Let (p : U G 
M ^ V = 4>{U) C M'" be a coordinate chart. Since S is regular, (j)^(T,\u) is also a regular 
distribution on V. Then (y, 0*(S|[/), is a regular sub-Riemannian manifold, where g' 
is the standard Euclidean metric. Now any function in H^'^{U) is pushed forward by </> to 
a horizontal weighted Sobolev function in the sense of [10] . Now the first two statements 
follow from the corresponding results proven in [ini E] . The third is standard since IS 
a hypoelliptic operator. □ 

Tiieorem 3.3. Let M be without boundary. Consider the following closed eigenvalue 
problem 

-A^/ = A/. (3.1) 

That is, we are looking for all numbers A for which there exists a nontrivial smooth solution 
satisfying ( 13. ip . Then 

(1) The set of eigenvalues consists of an infinite sequence < Ai < A2 < A3 ■ • ■ t +00 

(2) Each eigenvalue Aj has finite multiplicity and the eigenspaces corresponding to 
different eigenvalues are L'^{M)— orthogonal. 

(3) The direct sum of the eigenspaces E{Xi), i = 1, - ■ ■ is dense in L'^{M). 

(4) Let A*^ he as in Lemma \2. 3[ For each e, denote by Aj(e) be the i-th (counting the 
multiplicity) eigenvalue of the eigenvalue problem 

A7 = A(e)/. 

Then 

lim Ai(e) = A^ 

e— >+oo 

where Aj is renumbered counting the multiplicity. 

Proof. By Corollary 12. 5^ — A^ is a positive and symmetric operator on C°°(M) which is 
dense in W^'^(M). Thus by the first statement of Lemma [3l2| — A^ can be extended to a 
closed, positive self-adjoint operator on (M), which implies that the spectrum of — A^ 
is contained in M_|_. It follows from the compactness of the embedding W^' (M) L'^{M) 
that the resolvent (— A^ — A)~^ is a compact operator in L'^{M). The first three statement 
follows from the classical results on the spectral theory of compact operators and from 
the third claim of Lemma [3.21 see e.g. [7]. 

Fukaya in [TT] proved the fourth statement for A'^ — H^. Since by our choice of the 
orthogonal extension H = 0, the statement follows. □ 

Remark 3.4. (l),The first three claims can also be proven by a variational argument 
minimizing the Rayleigh quotient 

/^^,(V^/,V^/)dvol 

(2), For complete sub-Riemannian manifolds, following the lines of it is possible to 
develop a theory of heat semi-group of A^. 
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